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Abstract—Designing safety-critical control for robotic manip-
ulators is challenging, especially in a cluttered environment. This
article proposes an online control barrier function (CBF) con-
struction method, which extracts CBF from distance samples and
enforces the safety of the motion control of robotic manipulators.
Specifically, the CBF guarantees the controlled invariant property
for considering the system dynamics. The proposed method
samples the distance function and determines the safe set. Then,
the CBF is synthesized based on the safe set by a scenario-based
sum-of-square program. Unlike most existing linearization-based
approaches, our method preserves the volume of the feasible
space for planning without approximating the signed distance
function, which helps find a solution in a cluttered environment.
The control law is obtained by solving a real-time CBF-based
quadratic program. Moreover, our method guarantees safety with
the probabilistic result validated on a 7-DOF manipulator in
real and virtual environments. The experiments show that the
manipulator is able to execute tasks where the potential clearance
between obstacles is in millimeters.

Index Terms—Control barrier function (CBF), robotic manipu-
lators, safe-critical control, scenario optimization, sum-of-square
(SOS) program.

I. INTRODUCTION

W ITH the development of robotics, manipulators are
broadly used in manufacturing processes and real-

life [1]. Usually, there are obstacles in the working
environment around the manipulators. Therefore, safety-
critical motion control is fundamental for applications of
robotic manipulators since manipulators need to be driven
to a specified goal without collisions [2]. The whole body
must have no collisions with obstacles and itself. In the
past decades, path planning methods combined with tracking
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control have been proposed to generate a safe path for
manipulators.

Encouraged by the efficient applications of search methods
in path planning, rapidly exploring random trees [3] and
probabilistic road maps [4] are proposed. These methods
are probabilistically complete, which means they may take
a long time to achieve asymptotic optimality. To deal with
the optimality problem, the nonlinear optimization algorithms,
such as TrajOpt [5], CHOMP [6], and OMPL [7], are used
to plan joint trajectories. However, the actual trajectory might
deviate from the planned one due to the complex dynamics
and cluttered environments [8]. A slight trajectory deviation
might cause a collision in a cluttered environment where the
potential clearance between the manipulator and obstacles is
less than a few millimeters, leading to unsafe.

System-dynamic-based optimization methods are proposed
to deal with deviation problems. The system dynamic is
considered in the constraints of the optimization. The con-
straints also amend that the manipulator has no collision with
obstacles. In this way, motion control can satisfy the collision-
free requirement. Mixed-integer linear and quadratic problems
(QPs) are proposed to generate motion control by sampling
and calculating the points on the manipulator’s surface to the
obstacles [9]. Since the number of integer variables constraints
is large, these methods take seconds to minutes to solve. The
QP approach is used for motion control in an online manner
without integer variables [10].

In recent, with the revisiting of the controlled invariant
set and control barrier function (CBF) in control theory,
the CBF-based QP approach is used for safe-critical motion
planning and enforces the safety [8], [11]. Different from
barrier functions that bound the states (or errors of the states)
of the system dynamic, CBF ensures safety by considering
the intrinsic relationship between the inputs and states of
the system [12]. Then, the states can be determined in
a desired set. However, it is still challenging to construct
constraint functions concerning collision since the manip-
ulator’s configuration space does not match the obstacles’
space. Sampling-based methods are mainstream proposed to
obtain the signed distance function (SDF) between two objects
considering the meshes [5], [13], [14]. The SDF represents the
shortest distance and gives the nearest points of two objects in
the manipulators’ configuration space. The differentiation of
SDF is discontinuous since there is a min and max operation to
obtain the function [5]. Directly using SDF in QP usually leads
to a local minimum and violates the CBF-based optimization
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Fig. 1. Illustration of the proposed safety-critical optimal control method.
The linearized SDF at xk overlooks some feasible space. Our approach uses
SDF samples to construct the control invariant set and preserves the volume
of the feasible space. The subfigure on the right side is the illustration of the
CBF construction. The subfigure at the bottom shows the control procedure.

requirement of continuity [8]. Constructing the constraint by
linearizing the SDF is used to solve this problem [5], [8], [10].
However, the linearization of SDF leads to a small feasible
space for optimization and an infeasible solution, especially
when the collision meshes are complex envelopes in a cluttered
environment [5]. Furthermore, the linearization of SDF or SDF
determines safety, but they do not necessarily equal CBF since
neither relates to the nature of the system dynamics.

Overall, it is still challenging to construct a CBF for
safety-critical control of manipulators working in a cluttered
environment. This article aims to design an online CBF
construction control method in a cluttered environment and
enforces safety when using the CBF-based QP motion control.
This work considers the collision of the manipulator’s whole
body. Some critical issues need to be solved: 1) since the
explicit SDF cannot be determined, the safe set is unknown;
2) the safe set needs to be determined based on SDF sampling
and extract a candidate CBF based on a safe set; and 3)
the number of SDF samples needed for estimating the safe
set when constructing the CBF and the probability of safety
still need to be determined. To deal with these challenges,
our approach first formulates the safe set based on SDF,
considering the collisions with obstacles and the manipulator
itself. Then, we analyze the relationship between the safe and
controlled invariant sets. The relationship provides the basic
principle for CBF construction. The ellipsoidal-Lyapunov-like
CBF candidate is extracted based on the safe set with online
sampling, which guarantees that the control invariant set is a
subset of the safe set. Furthermore, a theoretical probability
guarantee of safety is given based on the number of SDF sam-
pling used to extract the CBF. Fig. 1 illustrates the proposed
safety-critical optimal control method for manipulators in a
cluttered environment.

The main contributions are
1) A novel online CBF construction methodology is

proposed. The novelty lies in the following.
a) Different from constructing CBF using the lin-

earized SDF. The safety conditions are given by
analyzing the relationship between the invariant
and safe sets. Then, our method constructs the CBF
with the dynamic model and SDF samples with a
scenario-based sum-of-square (SOS) program.

b) A maximum optimization problem with safety
conditions is used to find the CBF parameters
without linearizing the SDF, which preserves the
feasible space for planning.

2) Unsafety probability bound is analytically expressed,
related to the number of samples and support constraints.
Based on the probability, users can easily choose the
SDF sampling number for CBF construction and safety-
critical control.

3) Applications of the proposed method are conducted on
a full-scale redundant manipulator (Kinova Gen3) in
obstacle-cluttered environments. The computation speed
and efficacy of the proposed method are extensively
explored in real-world environments, and the method has
been demonstrated to guarantee system safety and real-
time performance in terms of controlling a manipulator
in a cluttered environment with a clearance of millime-
ters.

The remainder of this article is organized as follows.
Section II formulates the optimal control problem with CBF
and introduces the relationship among safety, control invariant
set, and the SDF. The online CBF construction method and
the probability guarantee for safety are given in Section III.
Simulation and implementation are shown in Section IV.
Section V concludes this article.

II. PRELIMINARIES

A. System Dynamics and Objective

Consider a dynamic model of a robotic manipulator in
control-affine form as follows [8]:

ẋ = f (x) + g(x)u (1)

where state x ∈ X ⊂ R
n and input u ∈ U ⊂ R

m, U is a
compact set. f and g are locally Lipschitz continuous. Define a
feedback control u = k(x), where k : Rm → R

n is a Lipschitz
continuous control law. In this study, the state x stands for
all joints’ angles. The control law controls the manipulator A
from the start position to the goal. Given the initial condition
x(t0) ∈ R

n, system (1) has a unique solution.
To perform a safety-critical motion control and design a safe

input, controlled invariant set and CBF are used as common
tools in recent studies [11], [15], [16]. Here, we first define
controlled invariant set.

Definition 1 (Controlled Invariant Set): The set B ⊂ X is
a controlled invariant set for system (1) if for every initial
condition x(t0) ∈ B, there exists an input u(t) such that x(t) ∈
B for time t ∈ [t0, tmax). When tmax = ∞, system (1) is
forward complete.

The controlled invariant set guarantees the states of the
manipulator flow in a region with respect to the system
dynamics [15], [17]. Roughly speaking, the states must be in
the set B and never leave. This motivates the formulation
of CBFs [11], [16]. Here, we introduce an extended class
K∞ function α, which is continuous, strictly monotonically
increasing, and satisfies α(0) = 0, limi→∞ α(i) = ∞ and
limi→−∞ α(i) = −∞.
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Definition 2 (CBF): Let B ⊂ X be the zero super-level set
of a continuously differentiable function b : X → R, then b is
a CBF if there exists an extended class K∞ function α such
that for the control system (1)

∀x ∈ X , sup
u∈U

[
∂b

∂x
f (x) + ∂b

∂x
g(x)u

]
︸ ︷︷ ︸

ḃ(x,u)

≥ −α(b(x)) (2)

where ḃ(x, u) is the derivative of b(x) along system (1).
Now we define a set Kc(x), which consists of all control

values that make the states of the manipulator flow in B
Kc(x) = {

u ∈ U :ḃ(x, u) + α(b(x)) ≥ 0
}
. (3)

When the control input k(x) ∈ Kc(x), the state x ∈ B. As it is
pointed out in [8], since the complex dynamics and cluttered
environment, it may be the case that k(x) /∈ Kc(x) for some
x ∈ X , and causes x /∈ B. Moreover, when the outside of
B is the obstacle, the collision will happen (formal definition
of safe set and its relationship with B will be given in the
following section). For example, obstacles may shift locations,
and the manipulators may initially have slightly different
joint configurations. These situations may cause the previously
computed control law not to drive the manipulator as desired
and cause a collision. Given a control law k, to guarantee
u ∈ Kc(x) and further guarantee x ∈ B, a modification of the
control law k in a minimal way is given

u∗(x) = arg min
u

1

2
‖u − k(x)‖2

subject to ḃ(x, u) + α(b(x)) ≥ 0 (SCB-QP)

where u∗(x) is the filtered input. Notice that the conditions
given in (3) are affine in u, the CBF b is incorporated into
the QP to synthesize point-wise optimal control law [8], [11].
The constraint in (SCB-QP) enables the filtered input u∗(x)

navigate the system state in the set B. Equation (SCB-QP) can
be solved in real-time for nonlinear systems. The controlled
invariant set B defines the forward invariance of the system (1)
but does not guarantee the safety directly. The safe set needs
to be defined to determine the safety considering obstacles that
cause the collision.

B. Safety and SDF

The collision-free situations require the clearance distance
between the manipulator and the obstacle is always non-
negative. Here, we define SDF h : R

n → R to quantify the
minimum distance between the manipulator and the obstacles
(including the different links of the manipulator, which will be
discussed in Section III-A). The manipulator does not collide
when h(x) ≥ 0. Otherwise, the collision (penetration) happens
and leads to unsafe. This allows us to define safe set.

Definition 3 (Safe Set): The set S ⊂ X is a safe set for
system (1) if there exists a SDF h : X → R

S = {x ∈ X |h(x) ≥ 0}. (4)

When B ⊆ S, the controlled invariant set B is safe, and
the filtered input u∗ guarantees the intrinsic safety. On the
contrary, u∗ cannot guarantee safety when only a subset of

B is in the safe set. CBF sets the system input in Kc(x) and
then guarantees the states in B, while barrier functions used
in [12] and [18] set a potential field in states to avoid collision.
CBF guarantees the states in the controlled invariant set and
enforces safety. The following lemma promises the existence
of such controller u∗.

Lemma 1: There exists u∗ such that system (1) is able to
maintain safety under S, if and only if there exists a controlled
invariant set B ⊆ S.

Remark 1: It should be noted that the SDF h used for
establishing a safe set is not necessarily the same as the CBF b,
for 1) The safe set constructed based on the obstacles may not
guarantee the invariance property with respect to dynamics (1);
2) The SDF h may not be continuously differentiable [5].

Then, we consider how to obtain the signed distance
between two objects. The meshes of the obstacles and the
manipulator are considered for minimizing the workspace
reduction. According to [5], [19], and [20], define dist(A,Oi)

is the distance between A and the obstacle Oi, where i =
1, . . . , M and M ∈ Z

+, which can be obtained as

dist(A,Oi) = min
d

{‖d‖ : (A + d) ∩ Oi = ∅} (5)

where d is the posture of the manipulator, which is related to
the state x. Equation (5) aims to find the minimum distance
of the posture transformation of the manipulator to reach
the obstacle. Similarly, to consider the negative distance,
penetration distance is defined as

pen(A,Oi) = min
d

{‖d‖ : (A + d) ∩ Oi = ∅}. (6)

Then, with dist(A,Oi) and pen(A,Oi), the signed distance is
obtained following a simple way:

sd(A,Oi) = dist(A,Oi) − pen(A,Oi). (7)

The safe set is determined with h(x) =
mini=1,...,M sd(A,Oi) when only considering the collision
between the manipulator and obstacles. We direct readers
to [5], [13], and [14] for detailed information about the SDF.
When global information cannot be obtained, the obstacles
need to be sampled and constructed. Voxblox [21] and FIESTA
[22] can be used to incrementally construct the euclidian
signed distance fields (ESDFs) of the obstacles and the signed
distance sd(A,Oi) is obtained.

The SDF is nonsmooth and not continuously differentiable
in general, and its explicit form is hard to obtain. Linearization
of SDF is used for convex formulation in [5], [8], and [23].
However, such linearization could overlook some space and
lead to a small feasible space and infeasible solutions for
motion control, especially in a cluttered environment [5]. The
linearization method produces a set defined by the half plane
over the state space. Such a set has no control invariance
guarantee with respect to a specific vector field. Besides,
using linearized SDF as CBF is illogical in general. CBF
indicates the invariant property of the system, and SDF gives
information about the environment. This motivates us to
construct CBF based on SDF rather than using the linearized
SDF to construct CBF in (SCB-QP) for safety-critical motion
control in a cluttered environment.
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The following difficulties are tackled in this article to
construct CBF and synthesize the point-wise safety-critical
control.

1) To formulate a general SDF and determine the safe
set, besides the collision between the manipulator and
obstacles, the collision between different manipulator
links needs to be considered.

2) Since the explicit SDF cannot be obtained, where to
sample the SDF and how to design a CBF that makes
B ⊆ S with reserving feasible space for optimal control
need to be studied.

3) The probability of B ⊆ S needs to be determined since
the number of SDF samples is finite and precise SDF is
unknown.

III. ONLINE CBF CONSTRUCTION METHOD

This section shows the main results of our online CBF
construction method based on SDF sampling. The samples are
used because the explicit form of SDF cannot be obtained.
This section is organized in three parts. In Section III-A, we
reformulate a general SDF considering two kinds of collisions,
i.e., outer collision (obstacles and the manipulator) and inner
collision (different links of the manipulator). In Section III-B,
the CBF construction method considering the safe set with the
SOS program is proposed, and where to sample SDF is deter-
mined. Based on the samples, the online CBF construction
method is given with the probabilistic guarantee for safety in
Sections III-C and III-D.

A. SDF Determination

1) Outer Collision: The direct interpretation of collision-
free between the manipulator A and environmental obstacles
{Oi} is sd(A,Oi) ≥ 0,∀i ∈ I. However, since it has no
explicit expression, this condition is intractable to use as a
constraint in motion control optimization problems. Formally,
the outer-SDF is defined as

sdout(x) = max
‖n̂out‖2=1

min
pA∈A

pOi
∈Oi

n̂out ·
(

Fw
A(x)pA − Fw

Oi
(x)pOi

)

(8)

where n̂out is the direction of the minimal translation d in (5)
and (6). pA, pOi are two points on the manipulator and the
obstacle in their local coordinates, and they are needed to
be transferred into world coordinates. These two points in
the world coordinates are Fw

A(x)pA ∈ R
3 and Fw

Oi
pOi ∈

R
3. The function Fw is forward kinematics, which gives the

pose of the manipulator and the obstacles in the world frame.
sdout can be obtained by sampling points on the controlled
object and obstacles, and hereafter using the GJK [13] or
EPA [14] algorithm. With the amount of data in the magnitude
of hectobit, the function can be constructed implicitly within
milliseconds.

2) Inner Collision: In addition to the outer collision,
another possible collision scenario happens for different links

of the manipulator. For this case, the inner-SDF is defined by

sdin(x) = max
‖n̂in‖2=1

min
pA∈A
p′
A∈A

n̂in · (
Fw
A(x)pA − Fw

A(x)p′
A

)
(9)

where pA and p′
A are different points on the different links of

the manipulator. We define the overall-SDF as

h(x) = min{sdout(x), sdin(x)} (10)

where the composition relationship in sdov is captured by a ∧
quantifier. If for a x, the manipulator is both inner-collision
free and outer-collision free, then sdin(x) ≥ 0 ∧ sdout(x) ≥
0, which is equivalent to h(x) ≥ 0. When h(x) = 0, the
manipulator is at the boundary of collision; when h(x) > 0,
the manipulator is away from collision; when h(x) < 0, the
collision happens. Then, the safe set of the manipulator is
constructed with h.

B. CBF Construction Considering the Safe Set

In most of the existing literature, the SDF is directly
used or linearized and then used as a CBF in safety-critical
controller design problems [8], [23], [24]. However, the safe
set S defined by the zero-super level set of distance function
is unnecessary to be a CBF candidate, as it has no controlled
invariance property. The whole construction procedure in
Section III-A does not utilize the manipulator’s dynamic
model (1). This section considers the dynamics and shows how
to synthesize a CBF b from the safe set S based on SDF h.

Lemma 2: For manipulator A with dynamics (1), and SDF
h, b is a CBF candidate and guarantees the safety of A if

b(x) ≤ h(x) (11a)

∀x ∈ ∂B, ∃u ∈ U , ḃ(x, u) ≥ 0. (11b)

Proof: It is a sufficient condition for safety. The inequality
in (11a) stands for the zero super-level set of the CBF b is a
subset or equals to that of the SDF h, i.e., when b(x) = 0,
h(x) ≥ 0. Under this property, if b(x) ≥ 0 for any x on the
trajectory, the invariance can be guaranteed with (11b), and
then h(x) ≥ 0 which guarantees safety. Condition (11b) is a
standard controlled invariance condition [11].

Without an additional objective, the construction of b leads
to the following feasibility optimization problem:

find b(x)

subject to (11). (12)

Although the conditions are elegant in terms of algebraic
structure, it is still very hard to construct a CBF b by
solving (12). The challenges here are 1) Conditions (11a)
and (11b) should hold for ∀x ∈ X , which renders (12) to be
an infinitely constrained optimization problem and 2) h has
only an implicit form since it is a composition of solutions
to two optimization problems in (8) and (9). This section will
tackle all these challenges, but we want to point out that the
computational complexity of (12) is still high. The reason is
that the explicit h cannot be obtained. Estimation of h based on
a large number of samplings is time-consuming. The real-time
computing problem will be fixed with a relaxation method in
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Section III-C. Now, we will determine the reachable set C
where the samples are obtained to construct CBF b.

1) Reachable Set Determination: We suppose that the cur-
rent state of the manipulator is xk. Given that the safe set
S is constructed from the sampled data online, the CBF b
should also be synthesized online. The definition domain C is
therefore varying with the state x. Starting from this point, the
maximum movement ||δx||x=xk of the manipulator is

||δx||x=xk = max
u∈U

∥∥∥{
f
(

xk
)

+ g
(

xk
)

u
}

dt
∥∥∥2

(13)

where dt is the control (sampling) time interval. In this way,
the state is ensured within the safe set during the solution’s
control (sampling) interval. The set C at state xk is then
defined by a ball BA(xk, ||δx||x=xk) centered on xk, with radius
||δx||x=xk . The reason why we use a high-dimensional ball but
not the exact reachable region, i.e.,

⋃
u∈U {f (xk) + g(xk)u}dt,

is that BA(xk, ||δx||x=xk) has a good convexity and is com-
putationally cheaper. Clearly,

⋃
u∈U {f (xk) + g(xk)u}dt ⊆

BA(xk, ||δx||x=xk).
2) Construction of the CBF: Then, the CBF is constructed

in the following form:

b(x) = x�Hbx + db (14)

where Hb ≺ 0, and db > 0. This kind of CBF originates from
the quadratic Lyapunov function v(x) = −x�Hbx [25], where
v:X → R. Then, we have b(x) = db − v(x). Parameterizing
the CBF b to be ellipsoidal is motivated by the ellipsoidal
Lyapunov function [16]. For a stabilizable linear system, it
is reasonable to consider an ellipsoidal controlled invariant
set, which is the complement set of the super-level set of
an ellipsoidal Lyapunov function. In our application, when
the control frequency is high, i.e., dt is small, the Lebesgue
measure of the ball BA(xk, ||δx||x=xk) would be relatively
small. In such a small region, the original nonlinear system
(1) can be linearized with a slight bias around xk. Then,
the CBF b can be used to synthesize the point-wise optimal
control (SCB-QP).

With this quadratic parameterization, we can use SOS
relaxation and S-procedure [26] to guarantee that B ⊆ C, as
the controlled invariant set is inside the current reachable set

− b(x) + σ1c(x) ∈ �[x] (SOS-CBF)

where σ1 ∈ �[x] is an SOS multiplier, and c(x) = −||x −
xk||2 + ||δx||2

x=xk . We recall that the set C is restricted to be a
ball centered at xk, i.e., BA(xk, ||δx||x=xk) in the first step. It
is evident that c is a polynomial function. Thus, C is a semi-
algebraic set. Together with the quadratic function b and the
SOS polynomial multiplier σ1, the SOS constraint (SOS-CBF)
can be converted to a semi-definite constraint. We note here
that the multiplier σ1 will appear as an additional variable in
the following synthesis optimization problem (SCSOS-CBF).
Table I illustrates the different sets to provide a clear under-
standing.

C. Online CBF Construction Based on SDF Samplings

The following sections show how to construct b(x) for
the manipulator satisfying the residual constraints in (11). In

TABLE I
ILLUSTRATION OF SET S , C, AND B

addition to the SOS synthesis approach in the last part, we use
scenario optimization to alleviate some constraints. The reason
why SOS is not fully applicable for the remaining constraint
∀x ∈ C, b(x) ≤ h(x) is that h is not a polynomial function in
general. More precisely, there is even no explicit expression of
it by hand. Although there are lifting methods [27] and Schur
relaxation methods [28] to overcome these issues, they either
do not scale well with dimension or require iterative solutions.
In the collision-avoidance problems for manipulators, real-time
computation is rather important. This makes us turn to instead
using probabilistic CBF conditions with sampled scenarios.

The scenario optimization relies on sampled scenarios to
relax the original problem. Sampling all SDF with x ∈ C
and solving (SOS-CBF) is impractical since the number of
samplings is infinite. Instead, we sample finite N̄ realizations
of x(r) around xk. The samples are with a probability measure
π , which satisfies ∫

C
π(x)dx = 1. (15)

Let X̄ = {x(1), x(2), . . . , x(N̄)} be the set of sampled
scenarios. These scenarios are independently and identically
sampled according to π . Then, the SDF is sampled form the
scenarios and h(x(i)) is obtained, where i = 1, 2, . . . , N̄. We
could construct the following scenario feasibility program:

find
u∈U

b(x) (16a)

subject to b
(

x(i)
)

≤ h
(

x(i)
)

(16b)

ḃ(x, u) + α(b(x))
∣∣
x=x(i) ≥ 0 (16c)

∀ x(i) ∈ X̄. (16d)

The lower-envelope condition ∀x ∈ C, b(x) ≤ h(x) is
enforced only on the finite set of scenarios X̄. The controlled
invariance condition (11b) is substituted by a relaxed formu-
lation ∀x ∈ B, ∃u ∈ U , ḃ(x, u) + α(b(x)) ≥ 0. The relaxed
formulation leads to a convex problem, which helps find a
numerical solution. Moreover, the function α can be tuned to
help obtain the solution for (16) as a relaxation term.

Notice that the equivalence between b(x(i)) ≤ h(x(i))
and b(x) ≤ h(x) cannot be guaranteed since the number of
sampling is finite. This leads us to formulate a CBF b from
the SDF h samplings form X̄ with a probability of safety 1−ε

where ε ∈ [0, 1).
Theorem 1: For manipulator A with dynamics (1) at the

current state xk. Let X̄ = {x(1), x(2), . . . , x(N̄)} be a set of
samplings in reachable set C, h(x(i)) is the samplings of SDF
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Algorithm 1: Online CBF Construction

Input: the number of samples N̄, current state xk, the
maximum ball set BA(xk, ||δx||x=xk).

Output: CBF parameter Hb and db.

1 Initialize the SOS program according to (SCSOS-CBF)
and N̄.

2 Randomly generate N̄ samples according to π(x)

3 for i ≤ N̄ do
4 Compute h(x(i)) for all samples in X̄.
5 end
6 Solve the optimal problem (SCSOS-CBF).
7 Return Hb and db.

where i = 1, 2, . . . , N̄, then b is a CBF and guarantees B ⊆ S
with probability 1 − ε if

∀ x(i) ∈ X̄, b
(

x(i)
)

≤ h
(

x(i)
)

∀x(i) ∈ X̄, ∃u ∈ U , ḃ(x, u) + α(b(x))
∣∣
x=x(i) ≥ 0

− b(x) + σ1c(x) ∈ �[x]

σ1 ∈ �[x]. (17)

Proof: Condition ∀ x(i) ∈ X̄ restricts the sampling points in
the reachable set C. Condition b(x(i)) ≤ h(x(i)) indicates that
the control invariant set is a subset of the safe set in the sense
of scenarios x(i) ∈ X̄. The condition .ḃ(x, u)+α(b(x))|x=x(i) ≥
0, leads to a convex problem when seeking barrier functions
with numerical means. Condition −b(x) + σ1c(x) ∈ �[x]
indicates that for any x, −b(x)+σ1c(x) ≥ 0 and further ∀ x ∈
B, c(x) ≥ 0. The analysis and proof of the safety probability
are given in Section III-D.

The final synthesis program for the online CBF construction
with SDF samples for manipulators is given as follows:

arg max
Hb≺0,db>0

db

subject to (17)

||Hb||2 ≤ 1. (SCSOS-CBF)

The constraint ||Hb||2 ≤ 1 is the regularization term. The
objective is to maximize the value of db to preserve the
volume of the control invariant set B, under the regularization
of Hb. Here, we note that our method does not require
parameterizing the controller, unlike the results in [28]. Thus,
manipulators can be controlled in a cluttered environment
efficiently. Moreover, the term α(b(x)) can be substituted by
α(b(x)) = κb(x), where κ > 0, and using the regularization
constraint ||Hb||F ≤ 1 for convenience of computing.

Algorithm 1 shows the online CBF construction method
considering the manipulator dynamics and obstacles. Once
the SOS program is built, we can solve (SCSOS-CBF) by a
semi-definite programming solver with a centering-predictor-
corrector Algorithm [29]. When the next state xk+1 comes in,
we only go through lines 2–7 in Algorithm 1.

D. Probabilistic Guarantee for Safety

Since the number of sampling is finite, the online method
cannot guarantee the equivalence between b(x(i)) ≤ h(x(i)) and

b(x) ≤ h(x). Assume that z is the solution of (SCSOS-CBF). It
would be possible that z is not in the safe solution set Sx, and
the manipulator is controlled to collision due to the uncertainty
caused by sampling. To quantify the probability of obtaining
unsafe solution, the violation probability is given as [30].

Definition 4 (Violation Probability): The violation proba-
bility of a given solution z is defined as V(z) = P{x ∈
C : z /∈ Sx}.

Recent results point out that the violation probability V(z)
is closely related to both the number of scenarios and the
complexity, i.e., the number of support constraints [31].

Definition 5: A constraint in Sx of the synthesis pro-
gram (SCSOS-CBF) is called a support constraint if its
removal (while all the other constraints are maintained)
changes the optimal solution. The complexity c∗̄

N
of the

synthesis scenario program (SCSOS-CBF) is the number of
the support constraints.

Note that the decision variables Hb, db in (SCSOS-CBF) are
stacked by z ∈ R

e for the ease of following theoretic analysis,
where e = n2 + 1 is the dimension of the solution. Then,
the probabilistic result of violation probability based on the N̄
scenarios is given in the following results.

Theorem 2: Consider the online CBF construction pro-
gram (SCSOS-CBF) with complexity c∗̄

N
, given confidence

parameter β ∈ (0, 1), for the data sampled from C satis-
fies (15), then the violation probability V(z) is quantified as

P
N̄
{
ε
(

c∗̄
N

)
≤ V(z) ≤ ε̄

(
c∗̄

N

)}
≥ 1 − β (18)

where ε(c∗̄
N
) and ε̄(c∗̄

N
) are obtained based on the following

equation in the ξ variable:

(
N̄
k

)
ξ N̄−k − β

2N̄

N̄−1∑
i=k

(
i
k

)
ξ i−k − β

6N̄

4N̄∑
i=N̄+1

(
i
k

)
ξ i−k = 0

(19)

where N̄ > e = n2 + 1, and the two solutions in [0,+∞)

which are denoted by ξ(k) and ξ̄ (k), respectively. ξ(k) ≤ ξ̄ (k).
ε(c∗̄

N
) = max{0, 1 − ξ̄ (c∗̄

N
)} and ε̄(c∗̄

N
) = 1 − ξ(c∗̄

N
).

Proof: First, we determine the dimension of the solution
of (SCSOS-CBF). The decision variables are Hb, db, which
could cause b(x) = x�Hbx+db > h(x) due to the uncertainty
in sampling and leads to unsafe. Thus, the dimension is n2+1.
Then, as for the detailed proof of the general formulation (18)
and (19), we direct the readers to [31, Th. 1].

This result shows the relationship between the number of
support constraints c∗̄

N
, the violation probability on the optimal

solution V(z), and parameter β. The scenario constraints
are more prone to be violated if the complexity is high.
One intuitive interpretation of this result is that the higher
complexity is, the more boundary of constraints the sorted
solution stands on. Then, the uncertain constraints have a
higher risk. The following corollary is a direct result from
Theorem 2.

Corollary 1: Given β, it always holds that ε(c∗̄
N
) ≤ ε(e) ≤

ε̄(c∗̄
N
) ≤ ε̄(e). Besides, we certainly have P

N̄{V(z∗) ≤ ε̄(e)} ≥
1 − β.
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Algorithm 2: Determine the Number of Samples
Input: the dimension of the decision variables e,

confidence parameter β, violation probability
level ε, the predefined maximum number N̄max,
probability threshold εp.

Output: the minimum number of the sample N̄.

1 N̄min = e.
2 while N̄min + 1 ≤ N̄max do
3 compute the inverse incomplete beta function → γL

and → γU , based on (β, e, N̄min − e + 1) and
(β, e, N̄max − e + 1), respectively.

4 tL1 = 1 − γL, tL2 = 1, tU1 = 1 − γU , tU2 = 1.
5 obtain PL1 PL2 PU1 and PU2 according to (19) based

on tL1, tL2, tU1 and tU2.
6 if PL1 × PL2 ≥ 0 then
7 ε1 = 0.
8 else
9 while tL2 − tL1 > 0 do

10 tL = �(tL2 + tL1)/2�.
11 obtain PtL according to (19) based on tL.
12 if PtL > 0 then
13 tL1 = tL.
14 else
15 tL2 = tL.
16 end
17 ε1 = 1 − tL2.
18 end
19 end
20 compute ε2 based on tU1, tU2, PU1 and PU2.
21 if |ε1 − ε| > εp or |ε1 − ε2| > εp then
22 N̄min = N̄min + �(N̄min − N̄max)/2�
23 else
24 N̄ = N̄min.
25 return N̄
26 end
27 end

One direct application of this result is that we can measure
how many samples are required for a given confidence param-
eter β and violation probability level ε for manipulators. The
following lemma concludes the amount of data.

Lemma 3: Given violation probability level ε ∈ [0, 1),
confidence parameter β ∈ [0, 1), then the amount N̄(ε, β) of
samples required to render P

N̄{V(z∗) ≤ ε} ≥ 1 − β, where
ε = ε̄(e) fulfills

N̄(ε, β) ≥
{

arg min
N̄∈N

N̄

s.t. (19).
(20)

Although Lemma 3 gives guidance on how many sampled
data are necessary for the acceptable violation probability
level and confidence, the result is hard to obtain since the
optimization problem in (20) is a nonconvex mixed integer
program. We provide a heuristic algorithm which can compute
N̄ given e, ε and β. There are two levels of the dichotomic
search program in Algorithm 2. The first one computes the

minimum number of samples. The second one computes the
violation probability. Line 21 gives the terminal conditions:
1) the risk based on N̄ samples is near the risk goal and 2) the
risk cannot decrease too much with N̄ increasing.

Furthermore, one of the prominent applications of our
proposed method is its utilization as an online filter for
predefined trajectory path planning. The trajectory itself can
be generated using various path planning algorithms, such as
A* [32], RRT [33], and PRM [34]. These algorithms facilitate
the generation of offline way-points that define the desired
path. Once these way-points are determined, our method can
be employed in real-time to ensure the system’s safety. In
Section IV, we will introduce a similar control synthesis tech-
nique specifically designed for filtering a predefined trajectory.
The only distinction is that our trajectory consists of seven
dimensions, setting it apart from conventional path-planning
approaches.

Regarding the adaptability of different dimensions, the
proposed method demonstrates applicability to systems with
varying state dimensions from a mathematical standpoint.
However, in practical implementation, increased state dimen-
sions result in longer computational time required to solve
(SCSOS-CBF). Additionally, higher-state dimensions neces-
sitate increased sampling of SDF to maintain violation
probabilities at desired levels.

IV. SIMULATION AND EXPERIMENTAL IMPLEMENTATION

This section gives the control synthesis with the proposed
CBF construction method to formulate a safety-critical control
for the robotic manipulator. The Simulation and Experimental
Implementation aim to show

1) The efficacy of the CBF construction method in a simple
linear system from a numerical example.

2) The computation time of the online CBF construction
method under different violation probabilities and toler-
ance of the solver.

3) The efficacy of the proposed CBF construction method
for robotic manipulators in the real and virtual scenes.

4) The comparison of the proposed method and other SOTA
methods [5], [8].

A. Numerical Example

In this section, a simple example with 2-dimension states is
given to demonstrate the CBF in (14). We test our result on
a linear system, with a polytopic obstacle defined on the state
space. The system is given by

ẋ =
[−1 0

0 −1

]
x +

[
1 0
0 1

]
u. (21)

The polytopic obstacle is nonconvex with six vertices v1 =
[−0.5;−1], v2 = [1.5;−0.5], v3 = [1; 0.5], v4 = [0.5; 0.5],
v5 = [−0.5; 1], v6 = [1;−0.5]. The system has a control
limitation of ||u||22 ≤ 22. We then construct the CBF defined
in (14) using CVX for MATLAB, successfully construct a

CBF b(x) with Hb =
[−0.9964 0.0182

0.0182 −0.9016

]
and db =

2.6893. The level set b(x) = 0 together with the obstacle is
shown in Fig. 2.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on May 11,2024 at 03:22:05 UTC from IEEE Xplore.  Restrictions apply. 



8 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

Fig. 2. Phase portrait of the control invariant set, defined by the synthesized
CBF. The blue polygon represents the nonconvex obstacle on the state space,
while the outside of the ellipsoid is invariant. The blue arrows indicate the
vector field, which points outward on the boundary of the invariant set.

B. Control Synthesis

We preconstruct a trajectory as a series of way-points
by planning methods for the manipulators, but it is not
necessarily safe. k(x) in (SCB-QP) is computed with a P
controller to the next way-point. We set a way-point switch
mechanism to avoid the manipulator getting stuck. As pointed
out in [8, Proposition 1], (SCB-QP) can guarantee safety
with the kinematic model of robotic manipulators when using
an exponential stable low-level velocity tracking controller
for Kinova Gen3. This means the tracking error converges
exponentially. Specifically, the states x are the configuration
of each joint, and the inputs u are the velocity of each joint.

The collision-free behavior is enforced for the kinematic
model of the manipulator by constructing the CBF b online
through Algorithm 1, and solving (SCB-QP).

C. Implementation

We implement our method for manipulator motion control
in obstacle-cluttered environments to validate the efficacy. The
manipulator, obstacles, and objects are a series of fine-shaped
meshes (0.02-mm tolerance). Furthermore, the manipulator is
described in a unified robot description format (URDF) in the
simulation environment with Robotics Toolbox in MATLAB.
Two real experimental scenarios are given to test these meth-
ods. We aim to use a Kinova Gen 3 robotic manipulator
to grasp an object behind a board on a shelf. Two virtual
scenarios are also given to test these methods in a much more
complex environment. Our method first requires determining
the number of samples needed to construct (SCSOS-CBF) by
Algorithm 2. Then, (SCSOS-CBF) is solved with Sedumi and
SOSTOOL [35] based on Algorithm 1. Finally, (SCB-QP) is
solved, and the command is sent to the manipulator. All these
procedures are carried out on a computer with an Intel Core
i9-9980XE CPU, 3.00-GHz processor, and 64-GB RAM.

1) Computation Time of the CBF Construction Method:
Each scene is tested ten times with different numbers of
samples and tolerance settings of the solver. Consequently,
the theoretical violation probability is quite different, but all
the tests are successfully operated with safety in practice.
The theoretical risk gives the lower bound of the violation

Fig. 3. Computation time of the online CBF construction under different
violation probability. The tolerance of the solver is set to 10−5.

TABLE II
THEORETICAL VIOLATION PROBABILITY AND COMPUTATION

TIME OF THE ONLINE CBF CONSTRUCTION METHOD

probability. According to Theorem 2, the theoretical viola-
tion probability decreases as the sampling number grows.
When aiming to control the manipulator at a low-violation
probability, more SDF samples are needed to use for CBF
construction. We test the proposed CBF construction method
under different numbers of samples to show the computation
time. The Ziggurat method generates a uniform distribution
for sampling in practice [36]. In Algorithm 2, we set the β =
0.05, ε from 0.5 to 0.05, and the results are shown in Table II.
Moreover, we repeated the experiments ten times with a
tolerance of 10−5 to show the relationship between different
violation probabilities and computation time in Fig. 3. Fig. 3
shows the maximum and minimum computation times. The
computation speed is stable, and the computation time is
tens of milliseconds, indicating that the proposed method can
be used for online motion control. The computation time
increases as the violation probability decreases. To control
the manipulator at a high frequency, we refer users to set
a relatively high-violation probability and obtain a short
CBF construction computation time. From the experimental
validation, the time complexity of our method scales well
with the tolerance et. When the tolerance decreases for several
magnitudes, the computation time increases moderately. The
main influential factor is the number of samples. This is
because the number of constraints in the proposed scenario
program (16) increases linearly with the number of samples.

2) Implementations of the Safety-Critical Motion Control:
The primary obstacle of concern in the real scene is the shelf
made of eight boards and one block on the desk. The object is
a solid glue behind the block on the shelf. This scene stands
for a typical application where the manipulator tends to grasp
something in a complicated and cluttered indoor environment.
For example, use a manipulator to grab and unplug a charger
behind an LCD monitor. When performing such tasks, the
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Fig. 4. Experiment implemented on the Kinova Gen3. The manipulator
reaches an object on the left side. The bold Arabic numerals stand for different
phases of the obstacle avoidance task. 0: the initial pose; 1: move toward
the object; 2: avoid the board; and 3: reach the object. The smallest distance
between the manipulator and the obstacle is about one millimeter.

Fig. 5. Experiment implemented on the Kinova Gen3. The manipulator
reached an object on the right side. 0: the initial pose; 1: move toward the
board; 2: move across the board; and 3: reach the object. The smallest distance
between the manipulator and the obstacle is about 2 mm.

clearance between the manipulator and the obstacles is less
than a few millimeters. The number of samples is set to
400, and the safe probability is at least 81%. Our methods
can achieve such tasks since the SDF is not linearized, thus
preserving the volume of the feasible space for obtaining the
controller. The online CBF construction further guarantees
safety for model (1). Figs. 4 and 5 show the motions and
distances throughout the experiment.

For comparison purposes, we also conducted the test based
on CBF [8], and TrajOpt [5]. In Fig. 5, all the methods are
capable of driving the manipulator to the object without colli-
sions at the beginning. TrajOpt first collides with the obstacles
since the multiple constraints in the space cause infeasibility
in solving the optimization problem. The method in [8] did not
achieve the goal either since the linearization of SDF caused
the infeasibility problem. Moreover, the manipulator is driven
based on the preconstructed trajectory. The distance is given
to show that the preconstructed trajectory is not necessarily
safe in our study.

We then design a much more complex environment in the
virtual scene to further demonstrate the performance limit of
the proposed method. The obstacles of concern are eight balls,
four pillars, and one giant board. The object is on the other side
of the board. The manipulator must pass through the window at

Fig. 6. Experiment implemented on the Kinova Gen3 in a virtual environment
with static obstacles. 0: the initial pose; 1: move downward; 2: move through
the window; and 3: reach the object. The smallest distance between the
manipulator and the obstacle is about 4 mm.

Fig. 7. Experiment implemented on the Kinova Gen3 in a virtual environment
with moving obstacles. The SDF is sampled online.

the bottom of the board while avoiding collision. Our method
can achieve this task with a clearance of about 4 mm. Fig. 6
shows the virtual motion and the distance throughout the
trajectory. We continued to simulate the virtual scene where
the eight balls were moving. Fig. 7 shows the virtual test with
moving obstacles and the distance throughout the motion.1

Similarly, the other methods cannot reach the goal, indicating
that our method can perform better in a cluttered environment.

As for the computation time of solving the optimal con-
trol problem, the relaxation in (SCSOS-CBF) guarantees
our method has a real-time ability. As for the average QP
computation time, it is 12.41 ms. The average computation
time for QP in CBF is 12.34 ms, similar to our result. The
average computation time for TrajOpt is 270 ms. The average
computation time for our method is 39.31 ms. Moreover, an
accelerated method that shortens the average computation time
bypasses the CBF construction procedure when all samples
are above zero. Specifically, when ∀ x(i) ∈ X̄, h(x(i)) ≥ 0,
directly using u∗(x) = k(x) can avoid solving the optimization
problems.

In conclusion, the method in [8] and TrajOpt cannot be
successful in all tests, especially when the clearance is within
millimeters. Our method is better and more suitable for online
safety-critical motion control in a cluttered environment.

1The video can be found at https://www.youtube.com/watch?v=PJzaJ0
QG7Hg.
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Safety standards in robotics, such as ISO 10218-1, 10218-2,
13854, and 13857, provide minimum gap requirements to
avoid crushing human bodies for industrial manipulators. Our
study proposed a method for manipulators to avoid collision
in a cluttered environment where the potential distance is
within millimeters. The simulations and experiments showed
the effectiveness of the proposed method. Therefore, our
method can meet the requirements of the safety standards in
robotics [37] when dealing with obstacle-avoidance tasks. The
proposed method can also improve safety and transparency
in the IEEE 7007 standard [38]. The proposed can be used
as a filter in the action modules of the IEEE 7007 unified
modeling language model. The constructed CBF can be shared
with other manipulators in a multiagent scenario to meet the
transparency requirements [39].

V. CONCLUSION

In this article, an online CBF construction method is
proposed. The method tails the characteristic of the system
model to ensure safety under the merit of control invari-
ance. Our method delivers less conservative results with a
probability guarantee by sampling data and incorporating the
samplings as scenarios in the optimization problem. We also
validate the efficacy of the proposed algorithm on industrial
robotic manipulators to perform several safety-critical control
tasks.

Despite the advantages of the proposed method demon-
strated above, it also has some limitations that need to be
studied.

1) The computation time of CBF construction is extended
when the number of samples is high. How to efficiently
solve the SDP of (17) is an interesting problem to be
studied.

2) The probability given in Theorem 2 shows a lower-
bound result.

Thus, the samples used for constructing CBF are too much
when given an unsafe risk. How to tighten the results in
Theorem 2 is another problem of interest.
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